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Construction of the Geometry of Euclidean n-Dimen- 
sionai Space by the Theory of Continuous Groups. 

By E. 0. Loyett. 



1. With regard to space, let it be assumed : 

1°. That it is an re-dimensional manifoldness, i. e., that n independent data 
are necessary and sufficient to determine the position of an element of the mani- 
foldness ; these re independent things are called the coordinates of the element. 

2°. That a figure of the manifoldness possesses ^ n J~ — '- degrees of free- 
dom within the manifoldness ; i. e., that ^"T — - independent data are neces- 

sary and sufficient to render a rigid body fixed in position ; the latter — ^— ~ — ' 

independent things are called the parameters of the figure. 

For convenience, let the element be called a point, and its coordinates be 
designated by x lt x z , . . . ■ , x n . Consider any figure containing this point and 
let the parameters of the figure be a 1( a 3 , .... , a„ ( „ + 1) . Let the figure assume 

3 

a new position and call x[, x%, .... , x' n the coordinates of the new position of 
(x l7 x z , , x n ). Then 

X t = ki\?h> x 2i • • ' ' » x n> a l> a 8> • • • • > a n (n + 1) ) i 

i— 1, 2, , n. 2 

The operation changing (xi, a 2 , x n ) into (% lf £ 3 , .... , £ n ) represents 

one of the motions of an re-dimensional figure, and the ensemble of all these 

operations constitutes a continuous group with - ^ n J" — ' parameters. The iden- 
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tical transformation ought to appear among these operations ; accordingly, there 

must be some system of parameters a lt a«(n + i)> such that 

a 

£1 — ^1 > Ss — ■ ^3 » • • • • i §» == &» • 

There is no loss of generality in assuming the preceding system of values 
to be 

a l = a 3 — - • • • • = a «(n + l) = . 

3 

An infinitesimal transformation of the group is one whose parameters differ 
by infinitesimals from those parameters which produce the identical transforma- 
tion ; in this case, the infinitesimal transformation is obtained by assigning 
infinitesimal values to the parameters themselves ; i. e., by such a transformation 
x x , x % , .... , x n are changed respectively to 

n(» + l) 



+2%i> «=»•* 



n, 



in the partial derivatives of which the a's should be put equal to zero. 
Writing, for short, 

Pi = -^L-, » = 1, 2, ,n, 

the common symbol for the above infinitesimal transformation is 

»(« + !) 
n 2 p\i- 

11 •> 

or, putting 

r-V %L i~l 2 *(*+!) 



any infinitesimal transformation may be written 

n(» + l) 
3 

7=2 a t Ji . 

1 

By a fundamental theorem of Lie, if we put 

{Ji ' Ji) -Z*\d£* fa 3x k dp J' 
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then n -!2±£ 

(/„/,) =2 ai' ,J> ^. (1) 

i 

,-_,. o n(n + l) ._ n(n + l) 

* — L, 4, • • ■ ■ , , J — 1, A, .... , , 

where the Jl's are constants. There are 

\ {n s (n + l) 2 — 2n (n + 1) J- 
of these equations, but the 

T V \n 3 (n + l) 8 — 2w s (n+ l)»f 

Vs are not wholly arbitrary, since the following 

A W 3 ( w + J ) 3 — 6 « S ( n + 1) s + 8n(n + 1)} 
identities of Jacobi 

(J if (Jj, J k )) + (J 5 , (J k , J t )) + (J k , (J t1 J,)) = 0, (2) 

.•,,•,*=!, *,.... ,»fc±2) 

must hold. 

Every set of J's satisfying (1) and (2) reveals a space whose independent 
infinitesimal motions are represented by the infinitesimal operators of the set. 
Those functions of the elements which are invariant under these transformations 
will characterize the geometry of the space. It is proposed here to find these 
characteristics for one set of operators. 

2. The following forms for the fundamental transformations 

e/j, e/ a , .... J n (n + D 
8 

Pi, Pz, Pn, XiPi — VjPu (3) 

*>/— <?n,a of 1, 2, ,n, 

satisfy the conditions (1) and (2). 

Let («!, x % , . • • ■ , x n ) and (x{, a^, .... , x' n ) be any two points, and 
(£ii £a> • • • • ) Zn)> (£i> £a> • • • • > £0 De their positions after they are subjected to 
the transformation 

«(» + !) 
1 

where the «7/s have the values (3). 
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Let <£>(»!, . . . . , x n , %[, ..... x„) be a function which is absolutely inva- 
riant under this operation ; then, if such a function exist, we must have 

«?> (£i> . £»i £1 £») = <?> («i . , a* i «i .a^O. 

that is, 7^> == 

for all values of the a's ; hence, equating to zero the coefficients of the a's in 
I<p , we have the following system of linear partial differential equations for the 
function 4> : 

<£- + & = 0, i=l,2,....,n,) 



dx t dx' t 

Xi dx~ + Xi dx' j Xj dx t Xj dx< °' 



(4) 



*. /= C». 8 of 1, 2, n. 

This system of n ^ n '- equations in 2n variables should not, in general, 

possess a solution. But the equations are not all independent. In fact, if we 
take the following system of 2n — 1 equations from the above, namely, 

^.^--t + ^^-^H= ' o=2 ' 3 Bi (6) 



multiply the equations (5) respectively by 

pit 



£Cl — x[ ' 



h—l,% n, 



where #■* = x,sb,' — »,«,', 4 =0, & = 2, . . . . , n; hzfri zf=j 

lf< to = Xj x[ — x 1 x'j , If' * = «! «,' — x< «{ ; 

multiply the equations (6) respectively by 

J*—,, A = 2, 3, n 

Xi — a?i 

where *?• 3) = xj—Xj, Xf> * = a, — acf, 

a£*=0, *=2, 3, .... ,n;k=f=i=f=j; 
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and add the results, we obtain the remaining ^ (n — l)(n — 2) equations of the 
system (4), namely, 

The complete system (5) and (6) of 2w — 1 equations in 2n variables pos- 
sesses at least one solution. That it has no more is readily seen by noting the 
fact that not all (2n — l) th order determinants of the matrix of In columns 
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vanish ; for example, the one formed by the last 2ra — 1 columns whose value 

iafo— asD"- 1 . 

The unique solution of this system appears by observing that the first n 
equations demand that the solution be a function of 

X t = x ( — xi , i = 1, 2, , n . 

In these new variables the last n — 1 equations become 

^gjr — Xj dX~°' *./. = 1 . 2 . . »» 

which require that $ be a function of 

n 

i 

that is, the function 

&=*/%& — xtf ( 7 ) 

1 

is an absolute invariant under the most general tranformation of the group (3). 
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This function & is said to define the distance between the two points 
\%1, x%, .... , x n ), (Xi, x%, .... , x n ) . 

3. Consider, now, the linear manifoldness of elements 

x ( + \ asi + a 4 = , i = 2, 3, . . . . , n . 

The increments assigned to x lf x % , . . . . , x n by the transformations (3) are 

as follows : 

By pj Sxi=l, i =j , Sx ( = ,i 4=j, 

i= 1, 2, , n, j= 1, 2, , n; 

By CCj^- XjPi SXi = — Xj, SXj = + £Cj , &C fc =0,1 

hj=i=t=j=l, 2, ,«. J 



(9) 



By forming the variational equations 

£ (a;* + \ asj + a,) = 

and substituting therein the values (9), we find the following values for the vari- 
ations of 2, 4 and ai under the transformations (3) : 

r i= 1 , Shj = , &a,j = — "kj, \ 



Under p t 



j= 2, 3, , n; 

' i = 2, 3, . . . . , n, hhj = 0, Sa { = — 1 , 8aj = 0, 
y = 2, 3 , , ra ; 



Under x t pj — ity pj - 



h\ = — /I,-, $% = \, ha t = — a,-, ) (10) 

5\=5a & =0, h — 2, 3, ,n=f:i4:j; 

*= 2, 3, .... ,n,j=l, &,= *?+ 1, to h = X t % h , 
h = 2, 3, . . . . , n =pi, ha w = o^ \-, kf = 2, 3, .... , n.J 

The invariants of two linear manifoldnesses 

(/l 3 , /I3, .... Ai n , a 2 , cl s , .... , a n ), (a z , Aj, . • • • A n , a 2 , a 3 , . . . . , a n ) 

are solutions of the system of partial differential equations 

?{£*»• + &«<* + & w +&*«■} =•■ <») 

,■-1 2 .. n ( n+1 ) 
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where the increments 8j are to be successively replaced by those due to the 

v — J infinitesimal transformations (3) as tabulated above in (10). 

For convenience, the equations (11) are arranged in the following manner: 
(n — l) equations : 

H + ^ = °. ••=*«• * (>•) 

1 equation : 

?(*•&+ *&) = •" (13 > 

(n — 2) equations : 

+ a ^'- ai ^ =0 ' y=3 ' 4 ! * ; (14) 

| (n — 2)(n — 3) equations : 

a a 4> _o d( P 4. «, a $ _~ ^ 4- a.' ^ —a.' a< ^ 

+ a i , |^--a;|^- = 0, i=3, 4, .... ,n,j=2, 3, .... ,n; (15) 
(n — 1) equations : 



w + < + w + " t +T(^' £r + *'* t) 



4 = 2=1=;? 



+ 2^ ai ^-+ a i a *^-) = ° i=2,3, .... ,n. (16) 

It will be seen from table (10) that the valuations of the >Vs are wholly 
independent of the a's ; accordingly, invariant functions of the zl's and >l"s alone 
may exist. If such invariant functions ^(^2. • • • • > K, ^2> • • • • , Jl^) do exist 

they are solutions of the system of — ^ — — — '- equations in 2{n — 1) variables: 

(n — 2)(n — 3) , . 

i ^ - equations : 

3. a ^ _o a ^ . v a ^ 0/ a ^ — (1>7\ 

i = 3, 4, , n , / = 2, 3, , n ; 
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(n — 2) equations : 



8a, 



A, 



<W i -i i 3^ •> / <W — 



3, 4, , » ; 



y 9A 3 ' ' va dA; "*~a^ 



o, 



(18) 



(w — 1) equations : 



i=n=|=J 



(19) 



i= 2, 3, , n. 



This system cannot possess a solution if the equations are all independent. That 
the number of independent equations in the system is not greater than 2n — 3 

we verify by observing that the ( TC — 2 )i n 3 ) determinants of the 2 (n— l) th 

2 

order formed by appending the rows of the array : 



/b — x n o , 
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(20) 



\0 -K 







— k[ K 











successively to the matrix 



A3 Ag 
— A 4 




A 2 


. . 

.. 


.. - 
.. - 


- A3 


A^ 

W % 


. . 

. . 


.. 

. . 

• • A 3 

• • ^3 ^n 


-K 

«8T 1 ^2 A13 
A 2 A 3 A3 + 1 




AgA 4 
A3 A 4 


.. 

AgA 5 . . 

A 3 A 5 . . 


• • Ajj — 

• ■ A 3 A ra 


Ag A3 




Ag A3 Ag A 4 
A3 + 1 A3 A 4 


. . 

A 2 A B . . 
A3A5 . . 


Ag A n A 3 A„ 


A 4 A n 


A 5 A„ . • 


■• A 2 „+l 


^a^» 


A 3 A tt A 4 A„ 


^5 A n • 


•• V+ 1 



(21) 



are equal to zero. 

Consider, then, the system formed by the (2ra — 3) equations (18) and (19) 
in the 2 (n — 1) variables Ag, a„, Ag, , \ . 
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The equations (18) assert that 4* is a function of 

£=5>f, >?=2>'?, ?s5>a,'. ( 22 ) 

2 2 2 

The equations (19) become in the new variables £, 07, £ : 

M»*i J| + 2^j * |£ +(a, + ^')?i|f-= 0. (23) 

/= 2, 3 , n, 

where & = £ + l, >h = >7 + l, & = ?+l. 

From any one of these last (n — 1) equations we have 

that is, 4> is a function of 
or the quantity 

{2M+i)r 

cos 2 = -s-^-S _J (24) 

is an absolute invariant under the most general transformation of the group (3). 
The angle 6 is said to be the angle between the two linear manifoldnesses. 

That the above solution is unique is seen from the fact that not every 
2 (n — l) th order determinant of the matrix (21) vanishes. 

As appears in the table (10), the variations of the a's are functions of the 
a's and A's ; we should not expect, then, to find an invariant function of the a's 
alone. 

But the system composed of the equations (12), (13), (14), (15) and (16) 
yields (n — 1) invariants, functions of the a's and X's, which come to light in the 
following manner : 

The equations (12) assert that <£> is a function of 

pi = a, — a' { , i ~ 2, 3, , n. 

In the latter variables the equation (13) becomes 

2^l^ = ' <*s =**-**• i=2, 3, n, 

2 u ri 
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which requires that $ be a function of any set of the (n — 1) sets of (n — 2) 
determinants each, 

Ps °> — ?.i a z = (p<T)iy . j = 2, 3, , « ; 

p 3 <7,- — p, <r g = (jxr)„, / = 2, 3, , « ; 



n. 



9» a i — 9i (T »= 0*0* ' y = 2, 3, . . 

The i ^ '- equations (14) and (15) become the (n — 1) following : 

which demand that 4» be a function of 

« = 2 

furthermore, in the original variables, the equations (14) and (15) assert that the 
A's and a"s enter into <£> alone only by means of the determinants 



Ag A3 A4 
Ao Aa Aia 



K 1 

K 1 



and, in fact, only through the forms 

A} A3 A4 • • • • A n 



Gi 



and 



Ag A 3 A4 



i2=2(A 4 -A0 2 



A„ 



further, the equations (16) cannot be satisfied unless B and Q enter into the 
combination 



Q + B = 



Aj A3 A4 



= T. 



A 2 A3 A4 . . • • A„ 1 
Finally, in the variables P and Tthe last (« — 1) equations assume the form 

(a, + %< ) {p||- + r J|-} = o , y = 2, 3 , », 

that is, the solution $ is an arbitrary function of 



P/T. 
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Accordingly, the following (n — 1) expressions 



A! = 
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-*/ 


a* a^ 


a r 


-4 


a k — a' k 


A 3 


A 4 . 


. • ■ K 1 


A 3 


K- 


...K 1 



y=2, 3, . 



n, 



A 2 - 


Ag A3 A3 . 


• ■ • ^n 


™» 


a a - 


— ag a 3 — a3 . 


• • • a n — al 




A 2 A 3 A^ . . • 


■ K 1 


2 




| Aj A3 An • • • 


• K 1 





are invariant functions of the parameters of the two linear manifoldnesses under 
the most general transformation of the group (3). 

When the two linear manifoldnesses intersect, all the A/s are zero ; con- 
versely, when any A,- is zero, all the others are zero, and the linear manifold- 
nesses have a point in common. 

It is clear, a fortiori, that the form 



A 3 = 



is an invariant. The analogue of the forms A,- and A to the expression for the 
distance between the straight lines in ordinary space is apparent. 

The fundamental notions of distance and direction in space of n-dimensions 
are thus introduced by the invariants (7) and (24), the former relative to two 
elements of the space, the latter relative to two simplest manifoldnesses composed 
of a simply infinite number of these elements. All the derived notions of geom- 
etry may then be derived by as simple extensions of these primary notions suc- 
cessively from three dimensions as occur when passing from the plane to ordi- 
nary space. 

Princeton, New Jersey. 



